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variables and three factors. This original system is defined by equation (23). The first
step is to estimate a covariance matrix from data generated by this system. Then, we
perform the PCA analysis and obtain eigenvalues Ay, , As, and As,. While we can es-
timate the covariance matrix of the original system, we do not know the variances of
the individual factors. Using the eigenvalues, however, we can calculate the original
variances V (b;),V (b.),V (bs) of the factors. The skew factor variance is correctly
recovered and requires no further modification. For the other two variances, the ap-
propriate modification is (see Appendix): '?

1
V(o) = 5 (A2 %[22 = 104, A, +22) 27)
V(be) = Aoy + Ay =V (By). (28)

Then, both the level and curvature variances are correctly recovered.
Let us consider a simple numerical example, using the following parameter inputs:
V(b)) =041, V(bs)=0.10, V(b.)=0.11. (29)

We generated 50,000 realizations of the variables 0., 0y and o_ from equation (23)
using independent, normally distributed random variables by, bs,b.. The eigenvec-
tors and eigenvalues of the estimated covariance matrix were

0.62 0.34 0.71
vy = (048 | v,=[-088]| vy=| 000

0.62 0.34 —0.71
A, = 0.49, A, = 0.03, Ags = 0.10.

The results appear in table (1). In this table, the left columns represent the original
variances of the factors, the middle columns show the PCA variances and the right
columns display the corrected factor variances. These are presented both in levels
and as a percentage contribution of the total variance.

The PCA indicates that the curvature effect (second symmetric factor) explains the
smallest amount (0.03) of the original variance, even though it has the second largest
variance (0.11) in the original system. As we surmised, the first symmetric eigenvec-
tor (level vector) explains more variance (0.49) than in the original system (0.41).
This could lead to the misleading conclusion that curvature was the least important
contribution. As was indicated previously, the skew factor was correctly recovered.
To correct the other errors, we apply formulas (27) and (28) with A,, = 0.49 and
Ay, = 0.03 which yields the original variances of 0.41 and 0.11 for the level and

insights into the nature of the correction. Finally, the motivation for the exogenously defined factors
is that these factors are commonly found in the financial literature.

12 A5 can be seen in equation (27), V(b;) has two solutions. To obtain the correct solution, we cal-
culate the eigenvectors for both and compare them to the empirical level eigenvector. The solution
that matches the eigenvector is selected.
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Table 1: Comparison of explained variances by level, skew, curvature factors.

Original PCA Corrected
Variance % of Total ~ Variance % of Total ~ Variance % of Total
Level 0.41 66.1% 0.49 79.0% 0.41 66.1%
Skew 0.10 16.1% 0.10 16.1% 0.10 16.1%
Curvature  0.11 17.7% 0.03 4.83% 0.11 17.7%

curvature factor respectively. Consequently, PCA results can be used indirectly to
draw conclusions about the original system.

5.2 PCA on the Correlation Matrix

To this point we have considered PCA interpretation problems associated with a
covariance matrix. However, as it is more common to conduct a PCA analysis on
the correlation matrix, we will now consider this case. Lardic, S., Priaulet, P. and
Priaulet, S. [9] suggest that PCA should generally be conducted using correlation
matrices. Previously, we presented analytical representations of the covariance ma-
trix eigenvectors and eigenvalues which appear in theorems (3) and (4). In a similar
vein, we will now state analytic representations for the correlation matrix eigenvec-
tors and eigenvalues. If matrix A in equation (7) is a valid correlation matrix, e.g.
a; = ap = 1 and the matrix is positive definite, theorems (3) and (4) simplify to:

Theorem 5. If matrix A in equation (7) is a positive definite correlation matrix,
then it has the following skew symmetric, orthonormal eigenvector vy and its cor-
responding eigenvalue Agg

Vs = 0 As=1—c (30)

with ¢ € [0,1].

Theorem 6. Let the vectors wy, ,wy, be defined as follows

c+1/8b2 42 c—/8bh%4-c?
4b 4b

Ws = 1 s Wsy = 1
c+4/8b24c2 c—v/8b2+c2
4b 4b

If matrix A in equation (7) is a correlation matrix, it has the following symmetric,
orthonormal eigenvectors vy, ,vs, and corresponding eigenvalues Ag, , Ag,



22 Dimitri Reiswich, Robert Tompkins

1 1
Vs) = 77 Wsy Afsl = *(2+C+ V 8b2+C2)
[[ws, 2
1 1
Vs, = mwxz As, = 5(2+cf V8b2 +¢2) 31)
)

with b € [0,1] and ¢ € [0,1].

Consider a system with three standardized random variables. This will have a to-
tal variance of three. Intuitively, the variance contribution of any of the three PCA
factors can be between zero and three. Surprisingly, in the case of a PCA on a bisym-
metric correlation matrix, ranges for the eigenvalues (the variances of the principal
components) can be specified and the range for each factor is not [0, 3]. To achieve
this, simply substitute 1.0 or —1.0 for each of the variables b and c¢ in equations
(30), (31) yielding:

Lemma 1. Let Ay, be the eigenvalue corresponding to the skew-symmetric eigen-
vector of a bisymmetric 3 x 3 correlation matrix and Ag, , A, the eigenvalues corre-
sponding to the symmetric eigenvectors. Then we have

Ass €[0,2], (32)
A, €[1,3], (33)
A, €[0,1]. (34)

Equation (32) shows that the skew factor explanatory percentage is bounded from
zero to 66.67%. Equation (33) shows that the first symmetric factor always explains
at least 33.33% of the variance. Finally, equation (34) indicates that the maximum
explanatory percentage is 33.33%. As long as the correlation matrix is bisymmetric,
these variance explanatory percentage bounds are predefined. Therefore, the use of
a correlation matrix (which is bisymmetric) does not remedy the potential interpre-
tation problems with PCA. In fact, the problems are worsened as will now be shown.
Let us return to the system defined in equation (23). The correlation matrix of the
variables 0_, 0y, 0 has the following form:

1 V(br) V(oy)=V(bs)
3/V(61)V(0p) V(o)
V(b)) 1 V(b1) (35)
34/V(04)V(09) 3y/V(01)V(00)
V(oy)—V(bs) V(by) 1
V(oy) 34/V(04)V(0p)

As before, let vy be the skew symmetric eigenvector of matrix (35), and vy, , vy, the
symmetric eigenvectors. Consider the corresponding eigenvalues A, As, , As,. Due
to the standardization, these sum to:

Ags + s, + Ay, = 3.
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It can be shown that (see Appendix)

lim &:0: lim h
V(b)—ee 3 V(be)—eo 3

Furthermore, the explanatory proportion of the skew symmetric factor in the limiting

case is equal to:
1~ A’SS 2
im — =
V(bs)—eo 3 3’
as was previously indicated in lemma (1). In a similar manner, for the second skew
symmetric eigenvector the limiting explanatory proportion is:

A
lim =2 =0= lim -2
V(b)—e 3 V(bs)—o 3
1
lim =2 =_.
Ve 33

This differs from the results in the case of a covariance matrix (in equation (25)).
The final analysis of the first symmetric eigenvalue yields

lim =L =1,

V(b)—eo 3
li h — %
Vibe)—e 3 37
As 1
li L=
v(b?)rlm 3 3

As was the case for the covariance matrix, the first symmetric factor will possess
multi-explanatory power. In this case, this factor can potentially explain all three
effects in the underlying system, whereas the PCA on the covariance matrix is only
bi-explanatory. It is clear, that the more effects a factor explains, the more prob-
lematic the PCA interpretation. In a similar spirit to the analysis of the covariance
matrix case, let us consider the shape of the eigenvectors in the limit for the corre-
lation matrix case.

1

V2
lim vy = 0 and lim v, = |1
V(by)—ee _ 1 V(be)—eo

V2

The analysis of the first symmetric eigenvector yields
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L 1

v3 V2
im ve = | = |, tim v = 0 |, tim v, =[1
V(by) oo ! Vo v —e " 0] v !

V3 V2

As expected, the first symmetric eigenvector converges to an eigenvector represent-
ing a parallel shift for large V (b;). Furthermore, for large curvature variances, the
first symmetric eigenvector converges to a different shape than the second symmet-
ric eigenvector. In contrast with the covariance case, two eigenvectors contribute
to the variance in the limiting case (previously there was only one). Surprisingly
and unexpectedly, even when the sole effect in the original system is a skew effect
(explaining 100% of the variance), the first symmetric eigenvector will show a sig-
nificant curvature effect which is not in the original system (explaining 33.3% of the
total variance).

As a side point, many of these results are not solely due to problems with PCA
but are also due to the method of the standardization. It has been pointed out in the
literature, that standardization is an appropriate step in PCA analysis. However, we
show in the Appendix that the shape of the level vector will be corrupted after stan-
dardization. This occurs for both, orthonormal and non-orthonormal systems. With
or without standardization, PCA interpretation problems will exist.

6 Conclusion

In this research, we have considered PCA interpretation problems for option mar-
ket data. Having found that the covariance matrix structures of foreign exchange
implied volatilities display bisymmetry, we consider this case. A further benefit of
the bisymmetric assumption is that the analysis is analytically tractable. Finally, the
eigenvectors associated with this system display similar patterns to empirical PCA
loading vectors. We show that even if a random system exists, but the covariance
matrix is bisymmetric, PCA will indicate the existence of factors which could be
interpreted as level, skew and curvature. Our first contribution is to point out this po-
tential interpretation problem. We also find that when a bisymmetric system exists
where level, skew and curvature is exogenously given, PCA will not correctly re-
cover these effects. The level factor explains more variance than the original system,
the skew factor is correctly recovered and the curvature factor variance contribution
is reduced. Our next contribution is to show how this can be analytically corrected
in a restricted case. We recognize that the system we have considered is somewhat
simplistic, restricted to three variables and three factors. However, we show that the
resulting patterns are also present in more realistic cases (i.e. with any dimension).

It should be pointed out that not all financial market data displays the bisymmet-
ric property. The most important case is for interest rates. However, the absence of
bisymmetry does not necessarily preclude the potential for PCA interpretation prob-
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lems. Lord and Pelsser point this out for other covariance matrix structures.

Study of such alternative systems remains for future research. However, our final

contribution is to provide a systematic framework for analysis that should prove
helpful.
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8 Appendix

8.1 Implications of a Standardization

Assume that the following orthogonal system is given:

oL 1 1 1
o= oy |=a|1]|+a 0 +a.| -2
o_ 1 -1 1

The random vector ¢ is a linear combination of the orthogonal vectors

1 1

—1 1

which have a level, skew curvature interpretation. Standardizing the variables o, 6y, 0—
yields

1 1 1

6+ V V<10'+) V(g+) V V_(g+)

o=\ 00| =a| ) | Tas A R e
o_ 1 — 1

V(o) Vo) NCD)

A simple standardization thus corrupts the original orthogonal system. The new ba-
sis vectors are not orthogonal anymore and the original level vector has a curvature
effect. The same can be shown for the system
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(o 1 1 1
o= oy |=q|1]|+a 0]+4+a.| 0],
o_ 1 -1 1

1 1 1
[ V<16+) V(o) V(oy)
c=| 00 | =q V(o) + ag 1 0| +a. 0
o_ 1 - 1
V(oy) V(oy) V(oy)

Again, the first basis vector cannot be identified as a level vector anymore, since

ill in general differ from .
Vo VINE V(o0)

8.2 Covariance Matrix Variance Ratio Limits

We will first analyze the limiting behavior of the variance ratios. Remember that
by assumption all variances V (b;),V (by),V (b.) are strictly positive. First of all we
repeat, that

Ay +Agy + Ass =V (by) +V (by) +V (be).

The skew symmetric case is trivial, since

lim Ass V(b,)

_— — 1 - 1.
V(b oo Asy + Ay + Ay Viba)oee V(by) +V (bs) + V (be)

The limit of the ratio with V (b;),V (b.) instead of V (b;) is zero. For Ay, we have

1 1 1
S Z _ 2 2
Aoy = 3V (be) + 5V () + 2\@\/3\/(191) 3V (b2 +2V(b)V (b)), (36)
The limit can be calculated by using I’Hospitals rule. For general x > 0,y > 0 and
residual terms ry,r, which do not depend on x we observe that

2 2
i VY24 aty L V)P
X—00 xX+nr X—00 /(x+y)2+r1 X—00 x+y
. r
=lim,/l4+-—-—==1.
xen (x+y)?

This can be applied to equation (36) by factoring out v/3 from the square root and
transforming the rest into the desired form. We thus have
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A 1
lim il

1
= -4 V3=1.
V(by)—eo }le +)~sz +)Lss 2 2\/§

The same argumentation yields

As 1 1
v im ! S+—=V3=1
)0 )~s1 + As2 + 2fss 2 2\/§

For A,, we have the same representation as for A4, except for the negative sign
in front of the root:

1

1
)Lsz = 7V(b ) )

: ~V () — f\/3v b1)? 43V (be)> + 2V (b )V (by).

With the same arguments as above, we conclude that

Ay, A

hm = hm I B 0
V(by)—oo As; +Asy +Ass  V(be)—oo Agy + Agy + Ass

8.3 Covariance Matrix Eigenvector Limits

We will analyze the non normalized eigenvector wy, first. According to equation
system (9) we have

3V(be) + V(b)) ++/9V (b))2+9V (be)2 + 6V (b.)V (b))
4V (by)

ws, (1) =wy, (3) =
37)

where wy, (i) is component number i in the vector wy, . This limit can be calculated
in the same way as before to yield

1
1 ==
vom ) =3

Since wy, (2) = 1 we have ||wy, || = /2wy, (1)? + 1. We then conclude

we (1) 1 i wg (2) im ws, (3)

Vb= wsi [l V3 vien—e s | Vo= [lwy I

+

=&

Thus

w
lim (e
WMWIWWW

The analysis of the limit with respect to V (b,) yields
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V('lir)nﬂwwsl(l) =ooand wy, (1) > 0.

We are interested in the limit

wg (1) i wy, (1)

lim = m —.
Vibe)—eo [y [l Vibe) = /2wy, (1)2+ 1

Since both, the numerator and denominator converge to infinity we can apply
I’Hospitals rule, to get

1 2w, (1)2 41 1 1)2 1 1
wsl( ): llm WSI( ) + _ llm - ZWSI( )2+ - _
Vbe)—oo [[We, || Vibe)—oo 2wy (1) V(be)—eo 2\ wy, (1) wy, (1) V2
(38)
Since wy, (2) = 1, we conclude
. Wy 1 1
lim L = (—,0,—
Vo T~ V2 0 2

8.4 Extracting Original Variances from PCA Eigenvalues

Assume, that the eigenvalues A, Ay,, A are given after performing a PCA. This
section will derive the variances of the variables by, by, be, given Ay, , As,, Ags. Know-
ing, that

As, +As, + Ass =V (b)) +V (be) +V (by)

and

it can be concluded that
As, +As, =V (by) +V(be).

We will define the known variable k; as

ki = lsl —I—ASQ.
We then have
K = SV () + 2V (b)) + L\/W(b )2 43V (be)2 +2V (be)V (by)
51— 2 c 2 1 2\@ 1 c c 1
1

= L L\ Ve v+ vmavien + Bveovie - Sveove

1 1 4
N
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We thus have
Ay — Ay = \/k% — gV(bc)V(bl).
Which leads to
V(be)V (b)) = %k% — %(Asl —A,)? =3, A,

This equation together with Ay, + A, =V (b;) +V (b.) can be solved for V (b;) yield-
ing the following two solutions

1
V(o) =5 (A 20 2422 =104, 2, +22)
The variance V (b,) can be obtained via
V(be) = Ag, +As, =V (by).

The two solutions problem can be fixed by plugging the resulting variances in equa-
tion (37) and check them against the empirical eigenvector.

8.5 Correlation Matrix Variance Ratio Limits

For the skew symmetric eigenvalue we have

lim & = lim OV (bs) =0= 1 &
Vib)—e 3 V(b)—e IV (be) + 6V (b)) +9V (by) V(be)—o 3
Similarly we have
lim h = g
Vibg)—o 3 3

The terms for the second skew symmetric eigenvalue are more complicated.

Ay 1 V(by)

3 2 3V(b:)+2V(b)+3V(bs)

B 1 3V (b )2 +V(b)[20V (b)) — 6V (by)] + 3[2V (by) + V (bs)]?
23 3V (be) +2V (by) 43V (by)]?

(39)

We then have by 1’"Hospitals rule

Ay, 11
lim =2 = - —\/3=0,
V(b)—e 3 2 23
11 11

. S
lim —2=-—-——

= —_— = O’
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1

3

lim =2 — 1_ L
Vib)—e 3 2 23

Sl

The case

A
3

is analogous to the case for the eigenvalue Ay,, the only thing that changes is the

sign in front of the square root term in equation (39). We can thus directly calculate
with the previous results

8.6 Correlation Matrix Eigenvector Limits

The limit of vy, is trivial. For the symmetric vectors, we again analyze the non stan-
dardized vectors wy, ,wy, first. For wy, we have

ws (1)

3V (be) +2V (b1) +3V (by)]
32V (by)

B 3V (by)
V8V (B)[3V (be) +2V (by) +3V (by)]

9V (b.)? 4 6V (be)[10V (by) — 3V (by)] + [6V (by) + 3V (by)]
- 32V (by)[3V (be) 42V (by) + 3V (by)]

(40)

The analysis of term (40) is more involved, since the first and the third term converge
in the opposite direction for V(b.) — . Let

3V (be) +2V (by) + 3V (by)
32V (b))

OV (D)2 46V (be)[10V (by) — 3V (by)] + [6V (b)) + 3V ()
72V (B1):V (be),V(by) := 32V(b1)[3V(blc)+2V(b1)+3V(bSl)]

x1(V(by),V (be),V(by)) ==

We clearly have

x1(V(by),V(be),V(bs)) > 0,x2(V(by),V(be),V(by)) > 0.
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Applying 1’Hospitals rule yields

lim [y (V(b1),V(be), V (bs)) = x2(V (br),V (be),V (bs))] = (41)

V(be)—eo a 2 8 V( )
We now use the following simple relationship for real numbers x; > 0,x, > 0.

x1—x2 = (VX1 — v/x2) (VX1 +v/%2) (42)

We know from equation (41) that the limit of the left side of equation (42) for
V(b.) — oo is a constant. Furthermore we have

| fim. M ,V(bs))+wz(V(b,),V(bC),V(bs))} —e.  (43)
Consequently
0= 1 [ 1 (V(bi),V(be),V(bs)) = x2(V(b1), V (be), V (bs)) }
= lim
V(be)=eoL\/x1 (V(b1),V (be),V (bs)) + /x2(V (b)), V (be),V (by))
= dim [V, Vo), <bx>> — VoV (B, V(b). V(b))
We have thus shown
li 5, (1) =0.
vaim ws,(1)
The normed case is simple since
N 1 . KY 1
lim vy, (1)= lim Mo oy e
V(be)—oo Vibe)—eo [[Weyl|  Vi(be)—oo \ /Wy, (1)2+1

Since wy, (2) = 1 we can conclude

1
lim v, (2)= lim —————=1.
V(be)—oo 52( ) V(be)—eo WS2(1)2+1

Thus we have

li o 0,1,0
V(hu)rimvz ( )

For the analysis of wy, we note that wy, (1) can be represented as in equation (40) as

3V (by)
V8V (b)) [3V (be) +2V (b)) + 3V (bs)]

wy, (1) = Vx1 (V (b)), V(be),V (b)) —
+ VX (V (b)), V (be), V(b))

The case for V(b,) can be handled easily by applying the same argumentation as in
the covariance case, since
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li 1) = oo,
V(hir)riwwsl( )

Thus, we can conclude

1
lim v, =( )7

1
- 7307 =
V(be)—eo V2T V2

A repeated application of 1’Hospitals rules yields

1
li by),V(be),V(by)) = —
V(bgllmxl(v( 1),V (be),V(bs)) 16
lim  xa(V(b;),V(b.),V(bs)) = 2
Vipg)me 200 T TAP) B = G
Since
. 3V (by)
lim =
V(br)—e 2+/2V (b)) [3V (b.) +2V (by) + 3V (bs)]
we follow

: 1 : 3V (by) 9
lim wg (1)=4/-—— lim +
V(by)—eo 16 v(b)—e24/2V(b)[3V (be) +2V (by) +3V (bs)]  V 16

Standardizing yields
1 1 1.7

lim v, =(

Vib)—= ' V33 V3
The last term that needs to be analyzed is
li S ().
V(bggmwsl( )
We can summarize the following two terms
3V (by)

\/xl (V(bl)>V(bC)7V(bS))

 BVB)BY (o) + 2V (br) + 3V (by)]
B 3V (be)+2V (b)) — 3V (by)
—/B2V(B)[BV (be) + 2V (by) + 3V (by)]

This term can be shortened, since we are interested in

o 9V (by)?
V1 (V(by),V(be),V (by)) := _\/32V(b,)[3V(bc) +2V (by) +3V (by)]

only, since

lim wy, (1) = a2V (B1).V (be),V (bs) = V1 (V(Br), V (be),V (by)).

V(by)—eo
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One can show, that

ylim ooV (5, V).V (b)) =31 (V (b0, (be) V(b)) = >-

Since

V(ll)u)n \/Xz(V(bl),V(bc)J/(bq)) + \/yl (V(bl)vv(bé)7v(b3)) =
we can use the same trick as in equation (42) to get

Em  \/x2(V(Br),V (be),V (bs)) = /y1(V(B1),V (be),V (b)) = 0.

V(bs)—eo

Concluding, we have
li 1)=0.
)
And thus

li =(0,1,0)T.
yiim v, ( )

33
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